Abstract-This paper proposes a new method for designing a class of two-channel perfect reconstruction (PR) linear-phase FIR filterbanks (FBs) and wavelets previously proposed by Phoong et al. By expressing the given -regularity constraints as a set of linear equality constraints in the design variables, the design problem using the minimax error criterion can be solved using semidefinite programming (SDP). Design examples show that the proposed method is very effective and it yields equiripple stopband response while satisfying the given -regularity condition.
I. INTRODUCTION

P
ERFECT RECONSTRUCTION (PR) multirate filterbanks (FBs) have important applications in signal analysis, signal coding and the design of wavelet bases. A number of techniques for designing linear-phase and low-delay two-channel PR FIR FBs are now available [1] - [7] . The structurally PR two-channel FIR FBs proposed in [1] are particularly attractive because the PR property is structurally imposed and their design and implementation complexities are very low. The FBs are parameterized by two functions and , and some delay parameters. In [1] , these two functions were chosen to be identical to realize FIR and IIR FBs with very good frequency characteristics [1] . The construction of wavelet bases from these structurally PR FBs having the maximally possible -regularity condition was also considered. Later in [2] , the construction of low-delay FBs and wavelet bases satisfying the -regularity condition up to one zero-order moment was also studied. The incorporation of -regularity with higher order, however, was not addressed due to the difficulty in solving the constrained optimization problem. The design of paraunitary two-channel FIR FBs [the conjugate quadrature filters (CQF)] with prescribed number of -regularity was previously studied in [5] . The wavelets FBs so obtained are in general not linear-phase. Recently, Tay [6] showed that it is possible to incorporate the -regularity condition (or equivalently a certain number of zeros in the lowpass analysis filter and highpass analysis filter at and , respectively) for the linear-phase FBs in [1] criterion is used. The Genetic Algorithm (GA) was also proposed for designing such FBs and wavelets with higher order moments and sum-of-powers-of-two (SOPOT) coefficients [3] . In this paper, we extend the work in [2] to the case of higher order -regularity [5] . This will enable a larger class of wavelet FBs with different smoothness and system delay to be constructed. More precisely, by expressing the given -regularity constraints as a set of linear equality constraints in the design variables, the design problem with the minimax error criterion can be solved using semidefinite programming (SDP) [8] - [11] . Thanks to the interior-point method [11] , SDP can be solved efficiently in polynomial time. Design results show that the proposed design method yields PR linear-phase FBs with equiripple stopband characteristics, while satisfying the required -regularity condition. The paper is organized as follows. In Section II, the proposed SDP design method will be described. Several design examples will then be given in Section III. Finally conclusions are drawn in Section IV. Fig. 1 shows the structurally PR FBs [1] , [2] that we are going to design. The FBs are parameterized by the subfilter pairs and and the delay parameters and . The FBs are PR for arbitrary choice of filter pairs and , which can be chosen as linear-phase FIR or all-pass functions to realize FIR and IIR FBs with very low design and implementation complexities. In [1] , the case of using identical and with delay parameter was studied so as to obtain linear-phase FIR or passband linear-phase all-pass based IIR FBs. Later in [2] , and are generalized to include general FIR functions. For simplicity, we shall consider the case where and are linear-phase functions. From Fig. 1 , we obtain the frequency responses of the analysis filters as follows:
II. PROPOSED DESIGN METHOD
(1) Let and be respectively the lengths of and . In [2] , the desired responses of and are studied. It can be shown that the ideal responses of and are given respectively by , becomes anti-phase with and therefore cancel each other. Hence, approximates in the passband and becomes zero for . As for , the product will approximate for . Therefore, will nearly be zero in the stopband, .
Since is approximately zero in and has a magnitude approximately less than one, will be close to in the passband. To construct wavelet FBs, the analysis filters and should possess at least one zero at and , respectively. A higher order of -regularity can be obtained by imposing and zeros at and for and , respectively (with ). This is equivalent to the following: (3) for and . After performing the differentiation, it can be shown that the regularity constraints in (3) can be expressed in terms of the coefficients of and as shown at the bottom of page for and . denotes the integer which is just greater than or equal to . It can be seen that (4a) is a set of linear equality constraints in and , the vectors containing the coefficients of and , respectively. Equation (4a) can also be written more compactly in matrix form as (4b) for some matrices and , and vectors and , whose entries are defined in (4a). First of all, let us consider the design of . To minimize the maximum ripple of the approximation error is equivalent to for
where To solve (5) using SDP, we densely discretize over the band of interest into a set of frequencies points 's, . Hence, the optimization problem in (5) is approximated as (6a) where (6b) where and denote the real and imaginary parts of respectively. Using Schur complement [8] - [10] , it can be shown that [8] (6a) is equivalent to (6c) where . Since is affine in , it is equivalent to a set of linear matrix inequalities (LMI) [9] . Define the augmented variable . The optimization problem in (6c) can be cast into the following standard LMI or SDP optimization problem:
where diag . In order to simultaneously solve the SDP problem (6d) and satisfy the regularity constraints in (4b), the dependent variables defined by the (4a) equality constraints (4b) are expressed as a linear combination of the independent variables as follows: (7) where , and the subscripts and indicate the redundant and nonredundant parts, respectively. Using (7), can be written in terms of as (8) Substituting (8) into (6c) and redefine , we still have the objective function and the constraints affine in . In other words, it is still a standard SDP problem. The design of using SDP is similar to that of . After the design of and hence the analysis filter , the desired response of is obtained from (2) as . If is a good lowpass filter, then obviously, approximates a unit delay , which is similar to the case of . Furthermore, the regularity condition imposed on is a system of linear equality constraints as shown in (4) . Therefore, the design of can be done similar to that of in the form of (6) and its design is given as follows where , , , and the frequencies points, 's, are the discretization of the band of interest . Using the Schur complement [8] - [10] , the above design is equivalent to where Since is affine in , it is equivalent to a set of linear matrix inequalities (LMI) [9] . Define the augmented variable , it can also be cast as a standard SDP problem in (6d). Finally, it should be noted that other linear constraints other than the regularity condition can be accommodated into the proposed SDP framework without any difficulties.
III. DESIGN EXAMPLES
A. Design Example 1
In this example, we will design the linear-phase two-channel FIR FBs with the same specification as the one in [6] (the first example). In addition, there are four zero-order moments imposed at each of the highpass and lowpass filters. The lengths of and are both equal to 8, with and . The passband edges of and are and , respectively. The FBs are designed using the proposed SDP approach with the frequency band of interest discretized evenly into 100 points. The frequency response, analysis scaling function and analysis wavelet function are shown in Figs. 2-4 , respectively. The stopband attenuations of and are seen to be equiripple with values up to 40 and 50 dB, respectively. They are higher than the one obtained by using the least squares design [6] . In fact, the stopband attenuations of and in the first example of [6] are around 38 dB. Also, due to the imposed regularity, the obtained wavelet functions are very smooth.
B. Design Example 2
In this design example, another two-channel linear-phase FIR FBs with much longer filter length are designed. There are one and two zero-order moments imposed at the highpass and lowpass filters, respectively. The lengths of and are 20 and 26, respectively, with and . The passband edges of and are and , respectively. The frequency band of interest is discretized evenly into 300 points, and the frequency response obtained is plotted in Fig. 5 . It can be seen that the stopbands of and are equiripple and the maximum attenuation are 45.5 and 47 dB, respectively. Both design examples are carried out using the MATLAB LMI toolbox and it takes less than 100 iterations to obtain the final results.
IV. CONCLUSION
A new method for designing a class of two-channel PR linearphase FIR FBs and wavelets using semidefinite programming (SDP) is presented. The basic idea is to express the given -regularity constraints as a set of linear equality constraints in the design variables so that the design problem using the minimax error criterion can be formulated as a SDP problem. Design examples show that the proposed method is very effective and it yields equiripple stopband response while satisfying the given -regularity condition.
